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Secondary Math 2 Honors

Unit 4 Graphing Quadratic Functions

4.0 Forms of Quadratic Functions

S EQ ﬂdg ( d Form: f(x)=ax"+bx+c, where a# 0. There are no parentheses.

Example: f(x)=-3x*+2x-7

_FQ.CV\'Q ‘FQO\ Form: f(x)=a(x-p)(x—gq), where a# 0. Written as a multiplication problem.
Also known as intercept form.
Example: f(x)=(x-4)(x+5)

\l@—(‘\{ % Form: f(x)=a(x~h) +k, where a#0. x only shows up once, as part of a perfect
square.
Example: f(x)=2(x+7) -1

Conic Form of a parabola: 4p(y — k) = (x — h)* or 4p(x—h) = (y — k)?
Examples: 4(y —2) = (x + 5)% or —8(x +6) = (y — 1)?

Examples: State whether each quadratic function is in standard, factored, or vertex form.
a) f(x)=2(x+3)(x-5) b) f(x)=—(x+4) -5 o) fx)=x"+2x+4

Focto red Vevtex Sandav=|

d) f(x)=-x"+5x e) f(x)=3x(x-2) f) f(x)=2(x+])2—3

SHandave factored Ve

8 f(x)=—(x+5) h) f(x)=-3x*+4 ) f(x) =54
Steondava|
Veres %ﬁ“"* M

Vede x Vehex



4.1 Graphing Quadratic Functions: Vertex and Axis of Symmetry

Vocabulary:

Pﬁ.mko \6-\, : The shape of the graph of a quadratic function.

ANS 0'@ Cummn e-JfY'lf) : A line that cuts a parabola in half. If you were to fold a parabola along
its axis of s;qmné'ﬂ'ﬂf, the two sidesAvould overlap. The equation of the axis of symmetry looks like x =#.

Ve ("\'Q ?C : The “tip” of the parabola — the point at which it changes direction.
e If the parabola opens up (a > 0), the vertex is the lowest point on the graph, or the minimum point.
e If the parabola opens down (a < 0), the vertex is the highest point on the graph, or the maximum point.
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Finding the y-intercept:
1. Plugin O for x.
2. Simplify. Don’t forget order of operations.

Vertex Form of a Quadratic Function: y=4 (x = h)2 +k
Vertex: (h,k)

Axis of Symmetry: x=~h
e The sign of 4 is the opposite of the sign in the equation. 4 moves the graph of y = x* right and left
in the opposite direction as the sign in the equation (but the same direction as the sign of h itself).
e The sign of k is the same as the sign in the equation. & moves the graph of y = x* up and down in
the same direction as the sign in the equation.
o For y=(x-2)" +5, h=2andk=5. The vertex is (2,5) and the axis of symmetry is x = 2.

The graph of y = x> moved right 2 and up 5.
o For y=(x+ 3)3 —7, h=-3 and k =—7. The vertex is (~3,~7) and the axis of symmetry is
x = —3. The graph of y=x" moved left 3 and down 7.



Direction of Opening:
e  Opensup if a is positive.
¢ Opens down if a is negative.

Examples: For each function, do the following: 1) State the coordinates of the vertex. 2) State the direction of

the opening, that is, whether the parabola opens up or down. 3) Find the y-intercept. 4) Draw a rough sketch of
the graph. 5) Find the Domain and Range

a) y=-3(x+ 2)2 o) N Vertex: (= }', =1 ) Dil'CCtiOHiM

axis of symmetry: y-intercept: = sketch graph:
" y=-3(oxaf+2T

=-3(2)"°+ 27

=% e

= |5 ¥
o, &)

Domain: (—*M._ M) Range: (-"bO', l—’l:]
1

¢) f(x)= E(::c+4)2 -6 Vertex: (= Y, "SQ.) Direction: U P

axis of symmetry: y-intercept: sketch graph:
=-Y Y=o+~
=W
= %—6
= 2-
.Co,>)

Domain:(”U';_ M) Range: t - yu ’

Vertical Stretch: - .
¢ g changes how wide or narrow the graph is.
o If |a| >1, the graph is narrower than the graph of y = x°.

o If |a| <1, the graph is wider than the graph of y = x”.

Figure out the exact shape of the graph by making an x,y table. Always use the vertex as one point.
Then choose two x-values on each side of the vertex to plug into the equation to find the
corresponding y-coordinates.

A shortcut is to use counting patterns to graph the parabola. Start at the vertex, then count:
1, ta

2, t4a If a is negative, count down instead of up.
3,194, etc.

o For y=2(x—3)2 -4, a=2.
Start at the vertex (3,—4), and count &1, 12; <2, 18; <3, 118...



£x)= aly-ny +

Examples: Fill in the requested information for each function. Then draw the graph.

a) f(x)=(x-1)"-4

Direction of Opening: (,L‘Q

Vertex: ( l‘, - \.\)

: . - . ko
Is it a maximum or minimum point? MUV

Axis of Symmetry: Ya&l|

y-intercept: j‘: Co - ‘) = Yy = (...0’-' v= -3 (¢r- '.3)
Domain: (*”‘bﬂ |02 )

Range: C,_ q' DO)

b) f(x)=-2(x+2)*-1
s T T L

Direction of Opening: o o N\

Vertex: (_.. )__’ ..‘>

Is it a maximum or minimum point? MAYd MUV - L

Axis of Symmetry: X -
y-intercept: j ~ =20 0% 3—)‘-\ s "J—(L}l-' (= § B~ (0, "c'-'l)
Domain: ("'V‘: ba)

Range: (-—-n')of - (j

Standard Form: f (x)=ax’ +bx+c
e Just like with the other forms, the graph opens up if a is positive and opens down if @ is negative.
e Vertex:

o The x-coordinate of the vertex is ;—b (The opposite of b divided by 2 times a)
a

o To find the y-coordinate, plug the x-coordinate into the original equation.



Examples: Fill in the requested information for each function. Then draw the graph.

) fl)=d-trr1?  a=_l 5= =11 [T
B B ’4__

Direction of Opening: A .

Veﬂ:cx: )t_—wald.;.ﬂﬂd'e ='§-a'= % 2 4 .

Ywoorsinaste s 4hg(u) 417 = (e-3241T = L
(4, 1) mEN

Is it a maximum or minimum point? Ml nao M :

What is the maximum/minimum value? \

Axis of Symmetry: X = L\

y-intercept: U: 0*9-... g(p) + |7 =1 (Ol |-‘>

Domain: (.-w 'w)

Range:

g [ : ba)

b) y=-2x+4x P ey, T

A
Direction of Opening: & O A ,F_ iu -
Vertex: Y ~cooval iNnate -2 = —.L"L = ~4 = | | a
28 2=y ™ EEEEEEVA
3-‘490\/&!(\&4{'.&.-1({)7-_‘-%(‘): -2ty = e i _i‘ | : }
Is it a maximum or minimum point? . ¢ l’ ) = Z :
" 3 Moy mu W : R i e
What is the maximum/minimum value? T T
22— _ \
Axis of Symmetry: «/
Y= | :

y-intercept:
Yz -2(o)+4(o)= © (0,0)
Factored Form: f(x) =a(x —p)(y — q)

e Like other forms, a is the vertical stretch

* (p,0) and (g, 0) are the x-intercepts (zeroes). The x-value of the vertex is exactly half-way between
= them

e LEvaluate the function at x = I?zﬁ to find the y value of the vertex.



Examples: Fill in the requested information for each function. Then draw the graph.

g B q="\

) ()= (=5 +1)

direction of opening: U\P

vertex: ¥ ~coove nacte ¢ sS4\ ‘4%'_: p =
: =
j-wavi.v.m-&c'. (z_ﬁgyliu) :6313)3"‘1

(24 -2)

s it max or min: W";f\iMQM R

Axis of Symmetry: y = 2.

y-intercept: U-: Co-—gx ) -[-\) = (-Q}( l) =-q

Domain: C Dl -C’j
(oo, b2
Range:
e Mo’
b y=—sGx+3)x-1 g= =3 g= 1

direction of opening: A owN

vertex:xwv;{,'.ngﬁ-e: =234\ -2 =~ |
= > |

Y-eooveriante . —L (r+a)el - 1) = b (@))%

¢y ) ,

Is it max or min: ’ -
naae | MY VA 1o

Axis of Symmetry: *=— \

-intercept:
PR g s(er Yoz = (30> 3

Domain: 0,2 L
(-boesy ?



4.2 Graphing using zeroes, solutions, roots, and x-intercepts

ZGT‘OS of a Function: The values of x that make f(x) or y equal zero. If the zeros are real, they

tell you the places where the graph crosses the x-axis, or the x-intercepts of the graph.

Other words for zeros: solutions to f(x) =0, roots, x-intercepts.

Finding zeros (x-intercepts):
1. Change y or f[x) to 0.

2. Solve for x.
e If the equation is in factored form, solving for x is easy — just think “What would x have to be to
make each set of parentheses equal to 077
e If the equation is in standard form, solve by factoring or by using quadratic formula
e If the equation is in vertex form, get the perfect square by itself, take the square root of both
sides (don’t forget the %), then solve for x.
* If your answers are imaginary (negative under the square root), the graph doesn’t have x-intercepts.

Examples: For each equation, find the zeros and state whether the graph opens up or down. Then match the
equation to the correct graph.

™ a) y=(x-1)(x+3) b) f(x)=—%x(x+2) ¢) y=3(x-3)(x-1) d) f(x)=-2x(x-2)
2evos: |, ° 2 2ewvs: 0,- 2 2evos: 3, | Z2Lres: O A

L o 4 y A
e B ELY LY ! T 11

AEREmauas ER\REZa/AER -

: - /T\ - i i ;I, i = 5
K=ty , : t > X f = > X x
SBT3 6T T T/ ; AN N T3 T6
e - i Il; i o f$_ AENRE 1 1/ \

[ = R E ! | il | kid E

[ A 1 i

i3 | | 3 [ ¥ %] W E!

(7 L] i v L L]



Examples: For each function, do the following: 1) State whether the parabola has a maximum or minimum.
2) State whether the parabola opens up or down. 3) Find the x-intercept(s). 4) Find the y-intercept. 5) Draw a
rough sketch of the graph.

a) f(x)=—(x+4)(x-1) Max/Min: W@ ¥t UM Direction: d owN )
x-intercept(s): y-intercept: sketch graph:
(-4,0) y= - (otu)o-1)
C l'.O) = = (W)(-)
Graphing from Factored Form: (04) 4
phing from Factored Form: \JQV"\‘C)‘-: )(_.Loo\d-.\.m'k a =i+
=
1. Determine whether the parabola will open up or open down. =-3.
2. Find the zeros or x-intercepts. : -
e Let f(x)=0 and solve the equation. vww“'m'{'e .
e Mark the x-intercepts on the graph. "( - *‘4)(" Y-t ) - ’( %Y'-})
3. Find the y-intercept but substituting inx = 0. Mark this point on the graph. =25
4.

Find the axis of symmetry and the vertex. Use the method from 4.1 (-—-3{;_ 25 q) 4
o If there is only one zero, then the axis of symmetry will run vertically through that point’and that
x-intercept will also be the vertex.
5. Use the pattern from Section 4.1 to find other points on the graph now that you have the location of the
vertex.

**Remember that a parabola is a smooth curve. Do not draw straight lines!

Examples: Fill in the requested information for each function. Then draw the g%l.
a) f(x)=(@-1(x+3)

Direction of Opening: (A f"

VerteX: Y~ 00 vB-i Na-te. ! %2 = —2 = (_[;q)
2. -2 ] |
Yoo vdlinade : (1 - (YI+3) =) =% :

2 3 s s ety \ [
Is it a maximum or minimum point? ~ 1 Ay HAU N

{7

Axis of Symmetry: W= = | |
Zeros (x-intercepts): l{ =3 C \'o) : (- _3' 0) \%
y-intercept: Domain: (g bo) Range: Gqu)
Y=Co-1 o+ 3)
(-\Y3)=-3 »
(o-3)




—._ b)

f(x)=x"+4x+3
) 2|

Factored Form:  f(x)= (\L*ZY",L -+ l)_

Direction of Opening: LA«P

VertexX: ¥—coovali nate . -3+~ o e =3
2

lj‘bo‘avd-lm-l-e: (= 2_4,.3_,\[_2,1_0 ._.(‘X_‘): -\ = SN
Is it a maximum or minimum point? (=2 - \) i
WAL Ao L

Axis of Symmetry:
KE = Q=

Zeros (x-intercepts): —-_3‘ =

(-3, °)
(-(,o)

y-intercept:

Y= 0™+ 4o)¢3* 3 (o, 3)

@

f(x) =—x +4x

Factored Form:  f(x)=_~ ¥(x-Y )

i

[ = |

Direction of Opening: qLo ek al 4

4

.-ﬁh

Vertex: X “coowt ina-te - O‘\"S o L.L e
2

ES

e

4
(j “coo vl M“f - ),(1-%) = —2.(—3_) =y
Is it a maximum or minimum poipt‘? ¢ 7—. uf)
Waximvmn
Axis of Symmetry:
X= 2~

Zeros (x-intercepts):

o, 4

y-intercept:

Y= -0k w20 C2,0)




-3(w-bx+¥)

d) f(x)=-2x"+12x-16

Factored Form: f(x)= -'J-(rx-'LQ(‘L" 2—) _ T At _ o

Direction of Opening: QLQ w ™
Vertex: yY=teoveiviate ! 2-% ‘;L =3 45 W
(j*wovzw-f-c Pma(3u) ) =2 =1X) B ..'L

[s it a maximum or minimum point? C % )

Vel A O WA
Axis of Symmetry:

Zeros (x-intercepts):ﬂz 3
Y, > (4.0)
(2,0)

y-intercept:

Y= =2(3) " 13(0) -l = -1t Co,-—tb)

¥ x"-—tox-tq
e) f(x) =x*—-6x+15
% daa.C.w'-l-—F:xc\'or‘ 5*73 (- ’-3) o
Factoredsori:  f(x)= 5
Vevdex Rormt Yz (x-3)"+b
Direction of Opening:

4P

Vertex: <

(2, 6) $ -

[e7]

e

n

[y +]

B3 . ' \ |
Is it a maximum or minimum point? Py i WA W V™7 J ]

Axis of Symmetry: %= 3
Zeros (x-intercepts):
nowne o= (-3 ’)g
T=e=[xe™ I o
y-intercept: W Xt 2 S
i 0 t(0)*\S
=5 (Co(ls)




4.3 Writing equations from a graph or from set of information

Examples: Write a quadratic equation or function in Vertex Form: f(x)=yv=a(x-h)*+k
If you know the vertex of a parabola, (h, A’) . then you still need at least one other point on the parabola in order
to write an equation.

e Use the vertex form and fill in all the information you have.

e Then use the point on the parabola and substitute in for x and y.
e Solve for a.
L]

Write your final equation

a) Vertex: (2,1), passes through (4,13) b) Vertex: (—5,3), passes through (-1.-29)
Y= al(x-2)"= Y= a(e+sy+3

L
3= a(y-2)" = —28: a(-(+S)"+ 3

- . “La=q(y)t+ 3
laz A —32=1
e =R
3=a ~ R N
) > 32 | A= —2(x+S) ¢ 3

Examples: Write the equation of each parabola based on the information in the graph. Follow the steps
outlined above. Leave the equations in Vertex Form.

y [ 4 Vedex: (0Q) ——+ 1 Vevdex:(\,~3)
// \\\ ' 5\\/ (5.1)

y= 0((7&-'0)::&51 Yz alx-)"=-3
0=a (3-0)+9 1= a(s-)*-3
O = a(3)*+9q |=a(w)-

O =49q -k;Zr 3 ‘ *7’?

| K, Yz g

—C = q TE =)
%_S‘T— ()= -x >+ 9 e -Ffwc);'\:k(‘ﬂ.-—l)Lf 2
A

-—-(:

—




Examples: Write a quadratic equation or function in Factored Form: [ (x)=y=a(x~ p)(x— q)
Use the factored form if you know the roots (a.k.a. solutions, x-intercepts, zeros). You will still need to know at
least one other point on the parabola in order to write an equation.

e Use the factored form and fill in all the information you have.
e Then use the point on the parabola and substitute in for x and y.

¢ Solve for a.
e  Write your final equation

a) Roots: (3,0)&(~2.0), goes through (2.-4)
Y B(x= D%+ )
~yza(2-3)(2+2)

b) x-intercept: (3,0) & (—2,0), goes through (0,12)

Y= a(x- Y w+?)
12= A (0-3Y 0 +2)

ik L= a(-3Y 2
e E
= "o
l=q -l
£0e) = (%-3)Yx+2) A= —2(r3Y +2)
¢) Zeros: x=—1& x =3, goes through (6,-10) d) Roots: x = = /7, goes through (—6,29)
Yyt x-3) y= a(x- Qﬁj
—“\o =q (b"HXb"%) ¢ o 1 %% ’fﬁ}
~(o= a¢1y3) = a(x -
—10= a(2¥) 29z a (-1
= 29:= a (36-"1)
g 24z %g;@
=X 2 z
£ ()= 2 (e ) x-2) =a y= (3 Y ¥ F)
e) Solutions: x =8 & x =—8i, passes through (—2,-204) - %1,_""[
y= a(ﬂﬁrﬁq J
N
Y? A(r* s §C %~ U 3‘)
Y2+ e )A]
“204 = A (F D 4ou)
fﬁa i)
(08 8
"3z OERE ¢y

6= = Y g Y x4 8L) 0P = =353~ (A2



Examples: Write the equation of each parabola based on the information in the graph. Leave the equations in
— Factored Form.

y 10,9

LTl W

i RO
A A
_5_-:.!-'—1\\\J//- | / : \\

4= (¥ -6) 4= o)

“Yz a(-2e4Y-2-0) 4=a(o+3Y0~3)
“M=a(2Y-3) 1= a(3Y->)
s i “_(7@' %;—‘ o)
~le Ab -
toa A6 =L(xedlv0) —l=a 0= ~(¥+iYe-3)

Examples: Write a quadratic equation or function in Standard Form: f(x) = ax? + bx + ¢
e First write the equation in either Vertex Form or Factored Form (whichever seems easier)
Then use correct order of operations to multiply/distribute in order to get rid of parenthesis
¢ List the three terms in correct order: x4, then x, then the constant term

a) Use the graph jw write the equation in Standard Form
- -
AR s e

"2 (Wrex xUx=24)
b) Writ:) ofl%e ve?te%?ogrl; %ﬁa‘}ions in Standard Faan
€)= 3(%=2) | ik~ ) |
= (K=Y x-2)+ | = Bx =22
’%()L‘-_-Eﬁfz,,_ B)* | FHR= 3kt —12x (3

c) Write the equation with the following characteristics in Factored Form, Vertex Form and Standard
Form (yes, we’ll need to complete the square to get it into vertex form ©)

roots at (—3,0) and (5,0) and goes through the point (2, —15)

g “f(*‘*?;(f"%g Stuncla S 25
-1S=a(243Y2-5) F(x)= (vt x5 = ..
ey ST ) Yrism x3o2uwy

- oy du
s TR S 42D _ 2
-..-.-\rsg_ q«_%) FOY 2 v 2215 31’-‘}2“ Sy
\=6  Luctoved : €= (Y 16
€ (%)= (et 3X¥,5)



4.4 Solving Quadratic Inequalities & Systems of Equations by Graphing

Examples: Solve cach inequality using the graph of f(x)=x’+2x-3.

Notice that each of these inequalities involves the value of x* +2x -3, which is represented by the y-coordinate
of the graph. In each case. we are trying to figure out what x-values (x-coordinates) make the inequality true.
When trying to find where x* +2x—3>0, we are trying to figure out what x-coordinates have a y-coordinate
that is bigger than zero—in other words, where is the graph above the x-axis?
f(\) =x*+2x-3

a) x*+2x-3>0 b) x*+2x-3=0 ¥y

(~s2-3) 0 (1Ijo=)  (oe,-3T0L )

e) 4 2y=3%0 d) x*42x-3<0

("31 l) 53: ‘j

Solving a Quadratic Inequality Using the Graph:

1. Write the inequality in standard form. Replace the inequality sign with an equal sign and solve the
equation ax’ + bx+¢ =0 by factoring, completing the square, or using the quadratic formula. This gives

you the x-intercepts of the graph of y = ax” +bx+c.

2. Graph y= ax’ + bx + c. The graph does not have to be very detailed. A rough sketch of a parabola
opening in the correct direction with the correct x-intercepts is all you need.

3. The solutions of ax® +bx +c >0 are the x-values for which the graph is above the x-axis.
The solutions of ax® + bx +c¢ > 0 are the x-values for which the graph is on or above the x-axis.
The solutions of ax? + bx +c < 0 are the x-values for which the graph is below the x-axis.
The solutions of ax’ + bx +¢ < 0 are the x-values for which the graph is on or below the x-axis.

4. If the inequality involves < or >, the x-intercepts are included in the solution set (use brackets).
If the inequality involves < or >, the x-intercepts are not included in the solution set (use parentheses).



~ Examples: Solve each quadratic inequality and write the solution set in interval notation.

= (x—3)(x+l)z 0

(-o=, "] U [‘5‘0-0)

= 3

c) x> +5x>0

X(x+S)>O

— (—w:'€>u (°‘N>

&) =)

(x+3Yx~2) 40

(-3, >)

b) (x-7)(x-5)<0

(5,1)

d) x*-4x-12<0
l-bn 2_

(x-oYx+2) £ 0

2]

) x*+10x=-9
Kz'-tlox-tf’(?_ o
‘A

(x~+ \Y\L*’Q)-?— O : |
("””“';"q UG—‘[D‘)




g} & #10e%x h) x> >x+6

¥>*-qexlo £ O X*-x-> O
At 3.2
(w=2v-S)£0 ( x-3Y y~+2) 7O

(o~ 2)0(3,%%)

5]

Solving Systems of Equations by Graphing

Solving a system of equations means finding the values of x and y that make both equations true. The

solutions are usually written as ordered pairs (xq y).

Solving by graphing:

1. Solve both equations for y.
Graph both equations using y = mx +b, transformations, or x, y tables.
The points where the two graphs intersect (cross) are the solutions.
Write the solutions as ordered pairs.

Examples: Solve by graphing.

o Terst S -xtb ) 6-2=4"
- . — X -
"Jevker(O14) RS -k
X1
_\1 5 )
_;0: + _4'5 +—+ }:1 —+ 1‘__:‘1;0.'
| L L g r’




ST R I TR L AT

Vertex Form
y =a(x«!’fz)2 +k
y=(x+5) -4

A S e R T AT A A S

Standard Form
y=ax’ +bx+c
Y= x* +10x =21

H

s o S Vs

Factored Form
y=a(x-p)(x-q) ,
y=(x+7)(x-3) 1

Finding the Vertex

The vertex is easy to find:
(opposite of # with x, # at the end)

(h.F)

To find the x-value of the vertex,

use x = —.
2a

Once you know the x-value, plug
that # into the original equation to
find the y-value.

Figure out where the zeros are

(easy to do in factored form). The
x-value of the vertex will be right
in the middle of the zeros. To find |
the y-value of the vertex, plug the |
x-value into the original equation. |

Axis of Symmetry

x = x-value of the vertex

x = x-value of the vertex

v ol

x = x-value of the vertex

Direction of Opening

Opens down if the # in front of the
parentheses is negative. Otherwise,
opens up.

—

Opens down if the # in front of x*
1s negative. Otherwise, opens up.

Opens down if the # in front of the
parentheses is negative. Otherwise,
opens up.

=i P i .
ST A Y, .

y-intercept

Plug in zero for x, solve for y.

Plug in zero for x, solve for y.

Plug in zero for x, solve for y.

Zeros (x-intercepts)

Plug in zero for y.

. Get perfect square by itself.

3. Take the \/_ of both sides.
(Don’t forget the +!)

4. Solve for x.

D =

1. Plug in zero for y.
2. Solve for x by factoring or by
using the quadratic formula.

1. Plug in zero for y.

2. Finding the x-values is easy —
Think “What would x have to
be to make each set of
parentheses equal 0?7~

The zeros are always the opposites
of the numbers with x in the
parentheses.

Domain; (oo, )

Range: Look at the graph — (lowest y, highest y) — use a bracket on the maximum or minimum value!






