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SM2H ] Unit 2 — Polynomials, Exponents, Radicals & Complex Numbers
. Notes

2.1 Number Theory
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2.1 Adding, Subtracting, and Multiplying Polynomials Notes

Monomial: An expression that is a number, a variable, or numbers and variables multiplied together.
Monomials only have variables with whole number exponents and never have variables in the
denominator of a fraction or variables under roots.
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Monomials: 5p, ﬁ“;i- -w, 23, x°, %x“y“ Not Monomials: Ix, a’', 25
Constant: A monomial that contains no variables, like 23 or -1.

Coefficient: The numerical part of a monomial (the number being multiplied by the variables.)

oL S s e coeflcien+t

Polynomial: A monomial or several monomials joined by + or - signs,
Terms: The monomials that make up a polynomial. Terms are separated by + or - signs.
Like Terms: Terms whose variables and exponents are exactly the same.

Binomial: A polynomial with two unlike terms.
X-3
Trinomial: A polynomial with three unlike terms.
X - Sx+
Adding and Subtracting Polynomials
To add or subtract polynomials, combine like terms. Add or subtract the coefficients. The variables and
exponents do not change. Remember to subtract everything inside the parentheses after a minus
sign. Subtract means “add the opposite,” so change the minus sign to a plus sign and then change the
signs of all the terms inside the parentheses.
¥ Write answers A descend, N9 oveler
Examples: Simplify each expression.

) (5" ~2)+(7-3n’) b) (4" -3+ 1)+ (2207 + 55-)
- ! - I
ol f B —i'S =\2_\;_3'+3_><___g\
c) (2w2 +3w)—(4w3 +w) d) (—6x2 —3x+2)—(~4x2 —x+3)
T AWredw-gwi = “Er - 3pea Uty -3
| ieaw) TR ] i
) (671" +5m) - (4m* ~2m) + (300" ~ 7m) I (=2k+5)+(k* - 3k) - (~4k° +38)

o T O S M P P TRTILS
e T = — = -
g o =[Bk= Sk - 3)




Multiplying Polynomials
To multiply two polynomials, distribute each term of one polynomial to each term of the other
polynomial. Then combine any like terms. When you are multiplying two binomials, this is sometimes

called the FOIL Method because you multiply F the first terms, O the outside terms,

| the inside terms,
and L the /ast terms.

Example:;;,h@.np.b(' : ‘
a) —x})(7x3y+3xy—ll) b) (?@)
= T3yt i =g L3 - 24
.::’ ME= = Swa =24
c) (3x+1)(5x—2) d) (21,12 —@4)
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Perimeter = sum of all the sides

The measure of the perimeter of a triangle is 23s + 56. It is known that two o
measures of 2s - 3 and 5s + 14, Find the length of the third side.

P=235+%06
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2.2 Rules of Exponents

The following properties are true for all real

provided that no denominators are 0 and that 0’

numbers a and b and all integers m and n,
is not considered.

1 as an exponent: a=a €.g.) 7 =71x=n (—10)1 =-10
0 as an exponent: a’ =1 eg.) =l 0701, (-5)’ =1
The Product Rule: a’-a'=a™"  eg)xx =x*=x'
The Quotient Rule: a—:j a"’ e.g.) §~= e

The Power Rule:

Raising a product to a power:

Raising a quotient to a power:

. _ 1
Negative exponents: a = —

Rational exponents:

(am );J s a!i”?

(ab)" =a'd"  eg) (2k) =2* &' = 168"
a\"_a’ pY P p
] B C.g. g | e

(bJ b g)(ff] @) 4
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eg) 2 =7, Txyt=—-
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To simplify an expression containing powers means to rewrite the expression without parentheses

or negative exponents.

Examples: Simplify the following expressions.

a) m'm’ b) (54°°)(3a'") ¢) : oL =p

v [ (508} /E el
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€) t;?']; f) ("2)4 g -2* h) 5x7y?-x*y!
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=(-2)(-2Y-2¥2) =-(.x = By
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2.2 Rational Exponents

If n'is a positive integer greater than 1 and {/E is a real number then ¢"” = {’/‘

* The denominator of the exponent tells you what type of root to take.

Examples: Write an equivalent expression using radical notation and, if possible, simplify.

a} 251,"2 b) 64![3 C) (x)-)_gf)lffn a
- 2 |

g = Yoy’ "\"&5’-1)
— & ‘ ‘_I_ l s

f (2x)"

d) (36xm )b(2 e) 2x1’(4
\@ & E Y

Examples: Write an equivalent expression using exponential notation

3
ab c) \/E d) 3\/— e) {___/xvzz —

) 5 ) 2] (S

-———-—.

Positive Rational Exponents
If m and n are positive integers (where n # 1) and {‘/E exists, then g™ = {/q" = (” a) .

e.g) 873 =(J§) =2"=40r8° =Y =64 =4

and simplify.

Examples: Write an equivalent expression using radical notation
a) 17 b) 9% 2 o 647 d) 2x X e) 2x™
eE NI e lm) = Yo, {j

3
< - 5
= or L |
or (‘ "Ft ) > -I
Examples: Write an equivalent expression using exponentla notatlnn

a) x° b) /9%
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Negative Rational Exponents

. 1
For any rational number m/n_._and any nonzero real number """, g™"" = -
a

* The sign of the base is not affected by the sign of the exponent.

Examples: Write an equivalent expression using positive exponents and, if possible, simplify.
=2/5 =
a) 497 b) (3mn) ™, | 0) 7x

A A

=

B ..':7
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x’/a

Laws of Exponents: The laws of exponents apply to rational exponents as well as integer exponents.

Examples: Use the laws of exponents to simplify.
\ "y H f
a) 25915 _ Zs"l' /g o /b /5 <\

b) s, o (19%)

%/ Va. :’-/3
Ye ¥s 1:) =q" =| 7 / =X
3 [ =K Ea,

Ve
X
L4 x xVe. 255,13 Y
E) })_4{? 'Zéﬁ f) 3;. g) ———VE——X h) (_i_'}_,l_
- = A
_ et ofa = i Yl -V

2 2-6 j(;- "

3 :2/
) )

XY
To Simplify Radical Expressions using the Rules of Exponents: g B33 32
1. Convert radical expressions to exponential expressions. qa T ‘{3
2. Use arithmetic and the laws of exponents to simplify. 5 fj
3. Convert back to radical notation as needed.

= 32
Examples: Use rational exponents to simplify. Do not use exponents that are fractions in the final answer. ‘j ¥
9
a) ¥/z* b) (\}3 azbc“‘) c) \Ei/; y d) {'}}’2 {’/;
“/s 3 2 T 1 ¥ Y
o it M L SR & e /4
z = (a*bc )} 'Y
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2.3 Simplifying Radical Expressions

* Square Root: A number that you square (multiply by itself) to end up with @ is called a square root
of a. Insymbols, k =+/q if > = 4.

* Radical Sign: The symbol~/ . The radical sign is used to indicate the principal (positive) square
root of the number over which it appears.
* Radicand: The number under the radical sign.

* Perfect squares: Numbers that are the squares of rational numbers. Examples:
L, 4,9 81 &, L& et

Examples: Simplify each of the following:

a) V196 =| 14 b V625 =las| o [2 =94 d)\/;?f:j’- / e)@_-<%7;
¥ Ya. N
s =y

L
s - N

* nth Root: A number that you raise to the nth power (multiply by itself » times) to end up with @ is called
an nth root of @. In symbols, k = {’/c-z if k" =a.

* Index: In the expression {/E, n is called the index. It tells you what root to take.

Examples: Simplify each expression, if possible.

a) 125 :@ b) {81 :(E ) 332 @ d){/ﬁ ;sz_j

oececuse because because =3\13_Wa}j“3

3 Y
5= (15 = 8| Szigs - 3 2
3 23 = B, %/z

[ » 3 ’
Simplified Radical Expressions: =l 2% j

No perfect nth power factors in the radicand
* No exponents in the radicand bigger than the index
* No fractions in the radicand
*  The index is as small as possible
To Simplify a Radical Expression with Index n by Factoring:

1. Write the radicand as the product of perfect nth powers and factors that are not perfect nth powers.
2. Rewrite the expression as the product of separate nth roots.

3. Simplify each expression containing the nth root of a perfect nth power.
To Simplify a Radical Expression with Index n Using a Factor Tree:
1. Make a factor tree. Split the radicand into its prime factors.

2. Circle groups of n identical factors.
3. List the number or variable from each group only ence outside the radical.



4. Leave factors that are not part of a group under the radical.
5. Multiply the factors outside of the radical together. Do the same for the factors under the radical.

Examples: Simplify each expression.

V2 | 2J3 b) V40 I2JF:> ) oz T3 2
q e 12 e 8 Iz
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Operations with Radicals X

Adding and Subtracting Radicals:

1. Simplify each radical completely,

2. Combine like radicals. When you add or subtract radicals, you can only combine radicals that have the

same index and the same radicand. The radical itself (the root) does not change. You simply add or
subtract the coefficients.

Like Radicals: Radicals with the same indee same radicand.
M
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Examples: Determine whether the following are like radicals. If they ar not. explain why not.
BN :
23 and 2l No | b) 4y/5 and -3y5 o 2Jx and Y5 | MO
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Examples: Add or subtract.

a) 53x =7\3x b) 411+8411

[('fo‘s’_x ) {lzJ\_( )
S‘cm\ot}ﬁo e, .,

d) \@—JSTHJEA &) 24/50 +4+/500 - 64125

C)M+3\/E_M _
[ZJ;—k 3J2 }

Whap  Gie%n e

2J5-5J3 + 3JS 1@JB + 40 - 308

Hs65-593 ) *[10vz + 1008
Don’t make the following mistakes:

¢ VZ+BnyT

* V9+16=3+4

‘ \/E —\/; #=\Nm-n
Multiplying Radicals

The Product Rule for Radicals:

For any real numbers ¥/¢ and ib, Ya-4fb = Na-b.

Caution: The product rule doesn’t work if you are trying to multiply the even roots of negative numbers, because

those roots are not real numbers. For example, /-2 /-8 =/16.

Re-write the radical in terms of i first, and then multiply.

For example, @-ﬁ=i\/§°i\/§=izm=(—l)-\h‘6= -4

Caution: The product only applies when the radicals have the same index: {E% s %

Examples:

2) 745 b) 5248 ©) 2V5-7\15 d) V343 -‘-\W
= SNle =4 J7e
=gy = P’O ) 2§

)}

o (V) ”S}?.}\n.—
a-u 499

sweys (2097 |
9 3-o -:{J'z__-'l h) 2106325

r = (23350
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2.4 Radical Expressions, Multiply and Divide (Rationalizing the
Denominator)

Question: Can you add and subtract radicals the same way you multiply and divide them?

e.g.) since \/c—z\/g =+/ab, does \/E+\/E—) =+a+b? NOI!m
Don’t make the following mistakes:

* «Jr¥=dax-D . (\/;+\/;)1-¢x+y

Multiplying Radical Expressions: Use the Product Property. Use the Distributive Property and FOIL to multiply
radical expressions with more than one term.

Examples: Multiply. g

a) \/5(5“/5) b) \/E(JE—NE) _c) (\/g—\/g)(\ﬁ+l)

SU3 +\qo \ﬁf+3§£) Fﬁ§+v§-&1—56

"B /

ILS\F!,-’: ?.JTC,- :IZJE*"CD)

d) (5J§-4J§!!¥3 +:72) o (41— N (V245)(v255)

SVA +S{-yJT muly (“JTB-II'-‘(@"I) I -5 +$8B ~25
TG+ Ve -8 “levd =yJ3-y4J3+|

= 2~-25
.-:('l-t—\J'G , s =EVg 4| -
=YyR-gVz+ =i—23)
ﬂuq-%JEI

a
For any real numbers &’/E and /b, where p = 0, {/; =

Dividing Radicals

The Quotient Rule for Radicals

B

n b
Examples: Simplify. W@

= \’ 3 - 3, , 3 3 - 3 T Al
a) 1,—9— - _j— _%.. T K &) mz e [Ad d i/250_:‘ \’250!
25 "’25 S 27 16n i 8x

?2"1 ‘-\f‘oﬂj- ’gﬁsﬁ;}
D% =S 24>
= Kol |




Examples: Divide and, if possible, simplify.

=1 3 48 3
a)\/g:\[g_(o.:l(o' b)g: \FZ'SX:S_J_)S_ C)Z___ig:_x;:—] 8)(45
il - ) = T2xy* Ix

Rationalizing Denominators with One Term:

Rationalizing the denominator means to write the expression as an equivalent expression but without a radical
in the denominator. To do this, multiply by 1 under the radical or multiply by I outside the radical to make the
denominator a perfect power.

Examples: Rationalize each denominator.
2= J2 ,J3

a) st M2 b)
3 V3 J3
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Rationalizing Denominators with Two Terms:

To do this, multiply by 1 under the radical or multiply by 1 outside the radical to make the denominator a perfect
power. However, since the denominator now has two terms, we will have to multiply by the conjugate of the
denominator.

Conjugate of a binomial Radical Expression: Conjugates have the same first term, with the second terms being

opposites. For example, these two expressions are conjugates: 3 — ﬁand 34+ \E

What happens when you multiply these conjugates together?
|

B Az aps - (T
=q-2

(5



Examples: Find the conjugate of each number.

a) 4+\/_ b) —3—\5 c) \/E

Examples: Rationalize each denominator by multiplying by the conjugate

B J_‘j_ " .(%'+J-'§| c(j_ 3 2-Jg
8’2+ 3 (s-ﬁj (g+J3) C+J5) (2-J%

"‘3 ‘-lJ—ﬁ, =4o+ed3
12BN Z I M LAeBerg - 0SE-2G 4R
:8-'4\)_-?-_ =‘-\O'~:‘SJ—‘§_ q"'%g‘rl,.z"\r?—‘i
= by w3 = [0=-8Jg ~2J3 +~JT¢
o 2 N = (0= 85 -203 +JT¢
Cam we g;m?u% =t .
Furdtne 2 e
Yes ! - ]1 gamn T "-\—lo-r SVs+2J3-i5
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25 Simplifying with Complex Numbers

Imaginary Numbers
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For centuries, mathematicians kept running into problems that required them to take the square roots of negative
numbers in the process of finding a solution. None of the numbers that mathematicians were used to dealing with
(the “real” numbers) could be multiplied by themselves to give a negative. These square roots of negative
numbers were a new type of number. The French mathematician René Descartes named these numbers
“Imaginary™ numbers in 1637, Unfortunately, the name “imaginary” makes it sound like imaginary numbers don’t
exist. They do exist, but they seem strange to us because most of us don’t use them in day-to-day life, so we have
a hard time visualizing what they mean. However, imaginary numbers are extremely useful (especially in
electrical engineering) and make many of the technologies we use today (radio, electrical circuits) possible.

The number i: i is the number whose square is —1. That isii =+-1and i’ = —11

We define the square root of a negative number as follows:

H=m=~/~—lw/;=z\/;0rx/;'i.

Examples: Express in terms of ;.

V64 = Ty b V=12 » (J12 ©) —\J=49 d) -_18

iy 5© - LI ~uJig

(:BLJZ

Imaginary Number: A number that can be written in the form a + bi, where @ and b are real numbers and b=0.

Any number with an 7 in it is imaginary.



Complex Number: A number that can be written in the form ¢ + bi, where a and b are real numbers. (aorbor

both can be 0.) The set of complex numbers is the set containing all of the real numbers and all of the
imaginary numbers,

Adding or Subtracting Complex Numbers
* i acts like any other variable in addition and subtraction problems. Distribute any negative signs and

combine like terms (add or subtract the real parts and add or subtract the imaginary parts). Write your
answer with the real part first, then the imaginary part.

Examples: Add or subtract and simplify.

2) (2+3)+(1-3i) b) (4-3i)-(-2+5i) ¢) (-3-7i)-(-6) d) Si-(1-i)
— dB42-8c 3aqiw Simix L
242 - = =~ !

-8 Sy =+ bC

Multiplying Complex Numbers
Multiplying Complex Numbers:

* To multiply imaginary numbers, first write any square roots of negative numbers in terms of ;.
* Multiply as usual by distributing, FOILing, and using exponent rules. Treat 7 like any other variable.

& Usethe fact that 7 = —1. Anywhere you see an j°, change ittoa -1,
o 8’=8(-1)=-8
o =3i"=(-3)(-1)=3

Examples: Multiply and simplify. If the answer is ima inary, write it in the form g + bi.
* gea.k wlt-{‘l-\ nega-ves w\dﬂ-f‘g—t‘l«.o Squa.fe YDot E&' !
a) v=9-4/_4 b) V=3 -+/=5 ¢) =2i7i d) =3i-iy/5
. . ! : ' =y - £ 1
= (A - g (J3: (Jg =yt 3%

FR2le3d = o> =1(2 ==y (-1 = =3-O\Jg
___\2-‘0' z = ”
SETEM) D (7+3i)(9-81) 9 (2-i2-C) b (3-4)(324)

bl-3ix T A AN T il L T T L L v, = SOt

"’6(-3(-!) ) ol X e U~ = =q+'b
Simplify a Power of ¢ Express f wer of 7 in terms of powers-of7>=and use the fact that i"=-1.

Examples: Simplify each expression.

"

: - 33 .72 . ?}o 47 a3 v
a) i ,—,(@) D ¢) i’ .,(L‘)% dy ___(‘(2). C
I

- 1]

e’ # (-1) i '
: (-a().”"- L -_-ﬁ ___{b'[?' “
:l'\.:ﬂg _,___!"L__f."]



2.6 Dividing Complex Numbers

Conjugate of a Complex Number: The complex conjugate of a complex number @+ bi is g — bi.

(a+bi)(a-—bz‘) =a’ +b°.

Examples: Find the conjugate of each number.

a) =2 +4i b) 1-i c) =3i

Dividing Complex Numbers: Multiply both the numerator and the denominator by the complex conjugate of the
denominator.

Examples: Divide and simplify to the form a + bi.

57 £ (269, C'L 3 (_'7_(’_&) | 243\ +6(

3i -3¢ -5i —7+61( - bl ( =SifU+gL
E - -2
=-~2\L - <l = ‘0(+32L = =30 ~gy >
t:- — o 3 —
..-ql __q(,,|) :-gl_ LI‘T-{-%L"__M{_-QQ,}L
— :-IBH;O(;Q_ = —usi,—i—su-{ = 8—Hoi.+l2_£+lSCl
. RS qol +3 l6+2et=20(—25*
ol L Sy-b3C | =f422(-|S
2S gs o +2S
& 3D+10¢ S ]
==+ 220 }
25 E q
=2lbt+ 2¢




